This paper is a continuation of our work on edge-flames in premixed combustion. An edge-flame is a two-dimensional structure constructed from a one-dimensional configuration that has two stable solutions (bistable equilibrium). Edge-flames can display wavelike behavior, advancing as ignition fronts or retreating as failure waves. Here we consider two one-dimensional configurations: twin deflagrations in a straining flow generated by the counterflow of fresh streams of mixture; and a single deflagration subject to radiation losses. The edge-flames constructed from the first configuration have positive or negative speeds, according to the value of the strain rate. But our numerical solutions strongly suggest that only positive speeds (corresponding to ignition fronts) can exist for the second configuration. We show that this phenomenon can also occur in diffusion flames when the Lewis numbers are small. And we discuss the asymptotics of the one-dimensional twin deflagration configuration, an overlooked problem from the 70s.
Introduction
An edge-flame can be defined, roughly speaking, as a flame sheet with an edge. There is a growing literature on edge-flames in non-premixed combustion (e.g., Ref. [1] ) reflecting their important role. A flame spreading over a fuel bed, solid or liquid, will have an edge; edge flames are an important part of the structure of the combustion field that occurs in the burning of heterogeneous solid propellants [2] ; they are a noticeable characteristic of candle flames under microgravity conditions [3] ; and they must exist whenever a hole is torn in a flame-sheet by turbulent eddies, so that their behavior is relevant to the problem of lifted turbulent diffusion flames [4, 5] . Important theoretical work has been pioneered by Dold and coworkers [6, 7] .
Edge-flames in premixed combustion have been less well studied. Indeed, there appears to be only a single theoretical treatment [8] and a single explicit experimental study [9] . Old experimental evidence of their existence [10] is noted in Ref. [8] . The present paper is a sequel to Ref. [8] and examines premixed edge-flames in two hitherto unexamined configurations.
A simple framework in which edge-flames can be constructed proceeds in the following fashion: There are certain one-dimensional combustion systems, dependent on a spatial variable x, say, for which there are multiple solutions. Of particular interest are bistable systems for which there are three solutions, two stable and one unstable, the counterflow diffusion flame being a well-known example. Suppose the weakest (strongest) of the stable solutions has a temperature distribution T 1 (x) [T 2 (x)]. T 1 (x) will often correspond to a quenched state, or a close approximation thereof, with values close to some background or supply temperature T f . The maximum value of T 2 (x) will be close to a flame-temperature (e.g., the adiabatic flame-temperature or the Burke-Schumann flame-temperature). An unsteady two-dimensional combustion field can then be defined by an initial-value problem in the x ‫מ‬ z plane, where the boundary conditions in x are those for the one-dimensional problem, and
If T 2 (x) is associated with a single thin reaction zone (flame-sheet) and T 1 (x) is associated with negligible reaction, an edge-flame is defined and the edgeflame structure either moves in the direction of decreasing z, in which case we call it an ignition front, or moves in the direction of increasing z, in which case we call it a failure wave. Here we continue the discussion of ignition fronts and failure waves in the premixed context. We discuss the situation where the one-dimensional problem is defined by a twinflame counterflow, and we also discuss a deflagration in which multiple solutions arise because of radiation losses. Some related results on diffusion flames are briefly discussed, as is the asymptotic description of quenching for the twin-flame problem. As the latter will only be of interest to the asymptotics community, it is relegated to the Appendix.
This work and Ref. [8] are parts of the dissertation of Vedarajan [11] .
The Twin-Flame Counterflow Problem
Consider a symmetric counterflow of fresh mixture that, in general, supports twin flames. This configuration has long been studied, both theoretically and experimentally.
A simple model suitable for our purposes starts with the equation
where ␣ is the rate of strain and we have assumed that the Lewis number is 1. The supply conditions are
If DT a ϵ QY f /C p is used as a reference temperature, and
is used as a reference length, a single nondimensional equation can be deduced, namely,
Because of the symmetry, it is sufficient to solve this equation in x Ͼ 0 with the boundary conditions
Note that within a context that resolves the coldboundary difficulty (e.g., a cutoff temperature), the system of equations 4 and 5 has a stable quenched solution in which T ‫ס‬ T f everywhere. In addition, it is well known that for D greater than some minimum value D min , there are two solutions. These can be characterized by the maximum value of T (T max ), and a representative response, obtained numerically, is shown as a solid line in Fig. 1 (curve E). Here T f ‫ס‬ 0.2, T a ϵ 1 ‫ם‬ T f ‫ס‬ 1.2, and h ‫ס‬ 16, values adopted throughout the paper. The upper branch corresponds to stable solutions, and it is these, along with the quenched solutions, that are the key ingredients of the unsteady two-dimensional problem described in general terms in the Introduction. We are particularly concerned with solutions for values of D close to D min .
As an aside, not part of the main thrust of our discussion, we note that there have been asymptotic treatments of the system of equations 2 and 3 in lieu of a numerical strategy, but there are ingredients that have not been discussed before, and we describe these in the Appendix.
Failure Waves and Ignition Waves
In this section, we use the strategy described in the Introduction to define a two-dimensional unsteady problem with T 2 (x) defined by a point on the upper branch of Fig. 1 (curve E) and T 1 (x) ϵ T f , the quenched state. The appropriate generalization of equation 4 is Figure 2a shows an initial temperature profile. Note that at z ‫ס‬ ‫,5מ‬ it is T 1 ϵ T f , and at z ‫ס‬ ‫,51ם‬ it is T 2 (x), the one-dimensional twin-flame configuration. The Damkö hler number is 4.9 ‫ן‬ 10 7 and the flame sheets are merged together, because we are close to D min . Figure 2b shows the profile at a later time, and it is clear that the structure is retreating, corresponding to a failure wave.
In view of the double-flame structure, it might be argued that the use of the rubric "edge-flame" is not appropriate, but the behavior revealed here has its counterpart in the edge-flames discussed in Ref. [8] , where the single-flame counterflow problem is examined (fresh versus inert counterflow).
If ␣ is decreased (D increased), it is possible to get an ignition front, and Fig. 3 shows reaction-rate contours in such a case. Steepening of the leading (lower edge) portion of the flame is quite apparent. Here (and also for the failure wave) the front is of unchanging shape following the passage of initial transients.
By performing a number of calculations for different values of D, it is possible to construct a graph showing variations of the front speed V with D (Fig.  4) . Here Results such as these and the one-dimensional analog discussed in Ref. [8] suggest that the basic ingredients we have included here-multivaluedness, quenching-will always lead to the dichotomy of positive and negative speeds for the two-dimensional structure. That this is not the case is shown by the example discussed in the next section.
Multivaluedness Due to Radiation Losses
Consider the equation for a plane deflagration, radiation losses included,
where is the mean molecular weight, P atm is the MW total pressure in atmospheres, and T is the temperature in degrees Kelvin. We suppose that Y represents methane and the radiating species are CO 2 
and H 2 O, whose concentrations are proportional to (Y f ‫מ‬ Y).
There is a corresponding equation for Y (cf. equation 2). The expression for qٞ is derived by first constructing an accurate representation of the temperature dependence of the band radiation for each species and then fitting this with a straight line, a surprisingly reasonable approximation up to a temperature of 1800 K. All other parameters are chosen so that the model provides a reasonable approximation of methane/air flames in the neighborhood of the lean limit. The goals are only qualitative, but we do not wish to be led astray by gross quantitative inaccuracies. edge speed with , results which strongly suggest that negative speeds do not occur. Thus the limit equivalence ratio is 0.5355, and yet at an equivalence ratio of 0.53556, the edge speed is positive with a value of approximately 0.3555. Of course, it is not possible to reduce arbitrarily close to the limit in a finite number of calculations, but it seems unlikely, when Fig. 9a is examined, that anything but positive speeds can be achieved.
Conclusions
In this paper, we have examined two examples of edge flames (but note the remark following equation 6) that can arise when the reactants are premixed. The results for the symmetric (twin-flame) counterflow configuration are similar to those of the singleflame configuration examined in Ref. [8] . These can be summarized by the observation that if a hole is torn in such a flame, it will get larger or smaller, depending on the value of the straining rate. This is also a characteristic of existing results when the underlying one-dimensional flame is a diffusion flame (e.g., Ref. [1] ).
On the other hand, if a hole is torn in a flame subject to radiation losses, the hole will heal no matter how close the equivalence ratio is to the limit value. It is natural to wonder if robust flames of this nature can occur in the counterflow configuration if the Lewis number is different from 1, and although we have no results of this nature for premixed flames, we have uncovered robust edges in the case of diffusion flames. Figure 9b shows variations of edge speed versus Damkö hler number when the underlying one-dimensional flame is defined by a simple symmetric counterflow configuration (1:1 stoichiometry, both Lewis numbers equal to 0.3), and negative speeds are not obtained. However, this might not be a commonly realizable phenomenon. In examining edge-flames constructed from the Sshaped response of the Kirkby-Schmitz configuration [12] (flux conditions for the fuel applied to one boundary, Dirichlet conditions for the oxidizer applied at the other), for a variety of parameter choices, we have failed to identify robust edges even for Lewis numbers as small as 0.2.
Clearly, the results presented here and in Ref. [8] could have relevance to the behavior of turbulent premixed flames in the laminar flamelet regime, particularly where the response of turbulent flame speed to turbulent intensity "bends."
Appendix Asymptotic Solution of the One-Dimensional Counterflow Problem
Here we briefly discuss the system of equations 4 and 5 in the asymptotic limit h → ϱ; there are ingredients that have not been discussed before. In the limit, reaction is confined to a flame sheet located at x ‫ס‬ x * , and if x * ϶ 0, we have, to first order,
The usual flame-sheet analysis determines the gradient on the unburned side of the flame, 
is a nondimensional flame-sheet location that is not scaled with ␣. x * decreases monotonically with increasing ␣, reaching the value 0 when S ‫2מ‬ (ϳ␣) ‫ס‬ p/2, a well-known result (e.g., Ref. [13] ). For these solutions, the maximum temperature remains fixed at T a ‫ס‬ 1 ‫ם‬ T f .
There is also a solution for which x * ‫ס‬ 0 and the flame temperature T * is within O(1/h) of T a . Then, to first order,
Within the reaction zone, the variables are t, n where
Here t * defines the flame temperature, a quantity to be determined.
A single integration leads to
which imposes the requirement t Յ t * Ͻ 0, a range in which p is an increasing function. Matching between the gradients defined by equations A5 and A8 (x → 0, t → ‫מ‬ϱ) then leads to a formula for t * , namely, where E i (x) ‫ס‬ dt t ‫1מ‬ e t is the exponential intex ͐ ‫מ‬ϱ gral. Equation A12(a), with s ‫ס‬ 1 (x ‫ס‬ ϱ), T ‫ס‬ T f , is an implicit formula for T * (D), and this function is also plotted in Fig. 1 (curve A) . It is a decent approximation to the exact solution.
If the problem implicit in Equations A5-A7 is examined to the next order, in an attempt to calculate a better approximation to the flame-temperature for the wall flame, that is, t * 
